Abstract. Thermal processing of ceramic parts at high temperature can be implemented in induction furnaces under vacuum conditions. In production, there is no direct access to these temperatures because of the high temperature level (higher than 1000C) and also because the load can't be equipped with temperature sensors. This paper deals with the indirect estimation of load temperatures. The estimation has to be made using transient point temperature measurements in the heating element. Indirect measurement of its temperature requires the calibration of a reference model that relates load temperatures to temperature in the susceptor first. A simplified reference furnace model, based on experimentations and thermal properties of its components, is derived. It is the reference model used to test the capacity of an identified AutoRegressive with eXogeneous variable model (ARX) to reproduce its output. This paper underlines the benefits of using ARX models instead of an analytical model as well as their close connection with convolutive products.
Introduction
Thermal processing of ceramic parts at high temperature can be implemented in induction furnaces under vacuum conditions. There is no well-known systemic approach. The furnaces used for this process are equipped with few sensors. The only information required for the control of the furnace during a manufacturing cycle are the control parameters. In our simplified configuration, the furnace has only one heating element. It is possible to study the complete system, from electrical power to temperature in the load and in the heating element. The goal of this study is the modeling of the interactions between the heating module, the load and the outside environment.
The design of a reference furnace model has provided reference simulations for heat transfer in the furnace. We will define, identify and validate reduced model for describing the furnace state at all times derived from direct analytical simulations. It uses the transient responses of its sensors and it has an Auto Regressive with eXogenous variable structure(ARX model).
On a more fundamental point of view, we will show on this applicative configuration that ARX models are just a reduced form of convolutive models which can be used in experimental inverse input problems [1] .
Presentation of the furnace 2.1. The used furnace configuration
In order to understand the global behaviour of the system, a simplified configuration has been chosen, see figure 1. The furnace operates under vacuum conditions and it has only one inductor. We assume in the whole study that the surface temperature of the inductor is constant and equal to 473 K. The heating element, also known as susceptor, is heated up by induction phenomena. Thermal radiation exchanges occur between insulator and inductor. Thermocouples are not represented in the figure. They will be considered as measurement points inside the susceptor here. In the heating module, the cylindrical load base rests on a cooling copper base, which is called the hearth. The surface temperature of the hearth is 293 K. Thermal contact between load and hearth is modelled by a low exchange coefficient h h corresponding to poor contact conditions. The load is heated up by radiation from the susceptor. A measurement campaign has been made. It has shown that the radiation between load and susceptor can be linearised for the considered operating conditions. The upper and lower closings of the heating chamber are considered as perfect insulators. The system has a rotational symmetry relative to the vertical axis. That is why it will be represented in 2D axisymmetric coordinates here. 
Simplified modeling of heat transfer in the heating module
The present modeling corresponds to the system made up of the load and of the heating element, see a schematic representation in figure 2. The susceptor is considered as a 0D lumped body because of a low Biot number (in a first approximatio Bi ≈ 0.014 and a previous detailed modeling has shown that the susceptor has a uniform temperature. The susceptor is heated up by a volumic power density (ηP ) where P is the electrical power consumed by the device and η is the induction yield. It exchanges heat with the load (hS sus (T (t) −T m (t))) and it losses energy with the outside ( 1 Rout (T (t) − T out )), where R out respresents the conductive resistance of insulator and the linearized radiation to the outside environment. The temperature of the susceptor T is driven by the heat equation (1) :
with the following definition ofT m , the spatial mean temperature of the load:
The load is considered as a thermal fin. We make the assumption that there is no exchange through the inner surface because of the symmetry of the system. There is also no exchange through the upper surface of the load because of the fin approximation. The temperature in the load is uniform at each altitude (fin's approximation). Only linearized radiation transfer with the susceptor and thermal contact with the cooled hearth are considered.The heat equation of the load (3) is therefore:
with m = 2πr out and S m = π(r 2 out − r 2 in ) and the boundary conditions are
The initial temperature in the load is not uniform: Thanks to this modeling, the temperature of the load can be modeled at each level. It allows the construction of virtual sensors that links the temperature at each height of the load to the temperature of the susceptor. 
and the heat equation for the load(3) becomes:
So, the steady state system can be solved with the help of boundary conditions (4a) and (4b) and the temperature (T m,ss ,T m,ss and T ss ) solutions can be found. Finally, the temperature of the load is:
with
The expression of the mean spatial temperature of the load is:
And finally, we get the value of the steady state temperature of the susceptor :
Rewriting of the transient equations The system is considered to be in steady state at initial time. So, the initial state equations can be substracted from the transient equations. The aim is to get variables with a zero value at initial time. For this purpose, we substract equation (6) from equation (1):
The heat equation of the load becomes
and the associated boundary conditions are
The two heat equations are solved through integral transforms in the Laplace domain. Equation (11) is transformed in the Laplace domain as
where θ is the Laplace transform of θ and s is the Laplace parameter. Equation (12) is transformed in Laplace domain as
Output from the physical model
In the Laplace domain, the relative load temperatures (θ m ,θ m ) and relative susceptor temperature (θ) are function of the realtive input P . The heat equation of the load (15) is solved through the thermal quadrupoles method [2] . The temperature of the load is then expressed as a function of the susceptor temperature with a transfer function W z called a transmissivity here:
where
The mean temperature of the load is obtained by integration of the previous expression of W z :
Finally, equations (14) and (17) are combined to get the expression of the susceptor temperature that is a function of the relative heating power and of impedance Z θ(s) = Z(s)P (s) = 1
The load temperature is a function of the relative heating power and of the associate impedance
Equations 16 and 18 yield the following relationship between these impedances and the transmissivity:
The aim is to obtain the results in the time domain, so we apply an inverse Laplace transformation to the transmissivity W z (s) and to impedances Z(s) and Z m (z, s) using a numerical inversion algorithm [3] . Since a product in Laplace domain is equivalent to a convolution product in the time domain, the final expression of the relative load temperatures in the time domain are related as convolution product between transfer functions (impedances or transmissivity) and relative power or susceptor temperature :
,21c) where * stands for this convolution product. This can be written in continuous time or in discrete time, for u(t) the input, H(t) the transfer function and y(t) the output:
with H j = H(t j ), u j = u(t j ) and t j = j∆t for j = 1 to i.
ARX modeling
An AutoRegressive with eXogenous input model (ARX) has the structure presented in (23). The solution y(i) is a combination of the previous outputs, its previous input values and of a white noise (i). This type of ARX model, which belongs to what is called as "grey box" model, has been extensively studied by Ljung [4] .
The order of this model is defined by the triplet (n a , n b , n d ). In this paper, we won't delay the input, so n d = 0 and there will be no stochastic zero mean input so (i) = 0. The output y and the input e correspond respectively to the load temperature θ m and to the susceptor temperature θ. Equation (23) can also be written in terms of matrices with A and B lower triangular matrices of size (n, n), where n is the number of observations, as
The parameters a i and b i have to be estimated . We need two different input/output sets. The first set is called the calibration set and the second one the validation set. The calibration couple is used to estimate a i and b i as they are the unknowns of the least-squares estimation problem of system (23). There are estimated with a QR factorization in Matlab R . After this calibration , the estimated parameters and the corresponding (n a , n b , 0) ARX structure are validated with the validation set. The model expressed in (24), can be writed in the following form
We can notice that if n a is null then the ARX model is similar to a convolutive model as presented in 2.4. Once the ARX model and the analytic physical model defined, we are now going to see the behaviour of both of them and their ability to fit each other.
Comparison of the double convolutive analytical model with the ARX model
As we have seen before in part 2.4, equations (21a) and (21b) can be combined to eleminate P (t). They can be written in terms of matrices using Toeplitz matrices:
where for example M(Z(t)) is equal to :
From equation (26), the expression of the load temperature for each time t i (for i = 2 to n) can be written as a function of the previous outputs and the previous input values including the current one:
In fact, we can define a j and b j coefficients as
The analogy with the ARX definition (23) is therefore clear, if b 0 is null. Let us notice that if n observations of θ m and θ are available, a higher number (2n − 1) of coefficients a or b are present in equation (23). So it is impossible to estimate all of them. The maximum number of parameters that can be identified is n a + n b = n.
3. Results for one heating power input 3.1. Outputs from the analytic model Here, the simulation starts from an equilibrium state at 1173 K for the susceptor and the load has a non uniform temperature. The temperature distribution in the load is presented in figure 3 . The gradient is due to the cooled hearth. The gradient is high in the first millimeters because of the low conductivity of the load. to get as much information as possible. The second input profile is the validation input. The relative electrical power can be negative because we built the model for P (t) = P (t) − P init , if the electrical power is stopped, we get P (t) = −P init < 0. The analytical temperature responses for these inputs are presented in figure 5 . We can clearly see the gradient in the first millimeter of the load, T m (0.0029, t)
T m (0.0145, t). The load temperature is stable for higher altitudes, T m (0.087, t) and T m (0.276, t) almost overlap. We can also give the time profiles of the transmissivity W 0.087 (t)∆t at z = 0.087m and the . We can notice that Z(t)∆t starts at a non-zero value because the susceptor is a lumped body and it reacts instantly to the heating power. On the contrary Z m (0.087, t)∆t starts at a zero value because the load has a non-null time response. From the definition of a j and b j coefficients in part 2.6 and the value of the impedances, the a j and b j coefficients are estimated and presented in figure 7. 
where Y is the output from the ARX model. This ARX model provides excellent fits even for small orders like (1,1,0). Table 1 shows clearly the interest of ARX models since the number of parameters to estimate is much smaller for an autoregressive model than for a convolutive model in order to get an equivalent result in terms of E RM S . The parameters a j and b j values are presented, as a function of the observation j, for different ARX orders (n a , n b , 0), see figure 8. For the convolutive problem, the parameters b j seem to converge to a stable solution when the ARX order increase. In the case of an autoregressive model, the a j 's and b j 's coefficients oscillate and seem to have no relations with the results observed with the analytical model variations shown in figure 7 .
In fact, the b j coefficients of the convolutive model and the matrix coefficients c j of the C in equation (25) converge to the value of W 0.087 (t)∆t, see figure 9.
Study with noise
The addition of a white noise with a 5 K standard deviation, which is the worst case in practice, doesn't impact the results. The results for the calibration and the validation phases are presented in figure 10 . The E RM S for the calibration phase is 6.48 K and 6.39 K for the validation phase which is equivalent to the standard deviation. 
Conclusion and perspectives
The ARX model has shown its capacity to fit the analytical model even with a significant white noise and it has been validated in a synthetize experiment different from the calibration one (with noise). The transfer functions of the analytic model based on a double convolution product (a "white box" model) can be recovered from the ARX coefficients a j and b j .Furthermore, the autoregressive models are efficient to represent the analytic model with a fewer number of parameters than the convolutive model. The next step will be to explain experimental data for a more complex system with several susceptors at different temperatures with the help of ARX models. 
